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CONNECTING MARGINALLY LARGE TABLEAUX AND RIGGED
CONFIGURATIONS VIA CRYSTALS
BEN SALISBURY AND TRAVIS SCRIMSHAW
Abstract. We show that the bijection from rigged configurations to tensor products of Kirillov-
Reshetikhin crystals extends to a crystal isomorphism between the Bp8q models given by rigged
configurations and marginally large tableaux.
1. Introduction
In [KKR86, KR86], Kerov, Kirillov, and Reshetikhin described a recursive bijection between
classically highest-weight rigged configurations in type A
p1q
n and standard Young tableaux, show-
ing the Kostka polynomial can be expressed as a fermionic formula. This was then extended
to Littlewood-Richardson tableaux and classically highest weight elements in a tensor product of
Kirillov-Reshetikhin (KR) crystals in [KSS02] for, again, type A
p1q
n . A similar bijection Φ between
rigged configurations and tensor products of the KR crystal B1,1 corresponding to the vector rep-
resentation was extended to all non-exceptional affine types in [OSS03a], type E
p1q
6
in [OS12], and
D
p3q
4
in [Scr15].
Following [KSS02], it was conjectured that the bijection Φ can be further extended to a tensor
product of general KR crystals with the major step being the algorithm for B1,1. This has been
proven in a variety of cases [OSS03c, OSS13, Sch05, SS06, SS15b, Scr15]. Despite this bijection’s
recursive definition, it is conjectured (see for instance [SS15b]) that Φ sends a combinatorial statistic
called cocharge [OSS03a] to the algebraic statistic called energy [HKO`99], proving the so-called
X “M conjecture of [HKO`02, HKO`99]. Additionally, the bijection Φ is conjectured to translate
the combinatorial R-matrix [KKM`92] into the identity on rigged configurations.
The description of Φ on classically highest-weight elements led to a description of classical crystal
operators in simply-laced types in [Sch06] and non-simply-laced finite types in [SS15b]. It was shown
for type A
p1q
n in [DS06] and D
p1q
n in [Sak14] that Φ is a classical crystal isomorphism. Using virtual
crystals [OSS03b], it can be shown Φ is a classical crystal isomorphism in non-exceptional affine
types [SS15b].
Rigged configurations were also extended beyond the context of highest weight classical crystals
to Bp8q in [SS15a]. There is also a similar extension of the Kashiwara-Nakashima tableaux [KN94]
and Kang-Misra tableaux [KM94] (for type G2), which are used to describe KR crystals [FOS09,
KMOY07, Yam98], to the marginally large tableaux model of Bp8q [HL08, HL12]. The goal of
this paper is to connect with a crystal isomorphism these two models by using the bijection Φ. In
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particular, the crystal isomorphism we obtain from Corollary 5.7 is given combinatorially, in the
sense that the description does not use the Kashiwara operators.
This paper is organized as follows. In Section 2, we give a background on crystals. In Section 3, we
describe the tableaux model for highest weight crystals and marginally large tableaux. In Section 4,
we give background on rigged configurations and describe the bijection Φ. In Section 5, we construct
our isomorphism between the rigged configuration model and marginally large tableaux model for
Bp8q. In Section 6, we describe certain statistics on highest weight crystals and Bp8q.
2. Crystals
Let g be a finite-dimensional simple Lie algebra with index set I, Cartan matrix A “ pAabqa,bPI ,
weight lattice P , root lattice Q, fundamental weights tΛa : a P Iu, simple roots tαa : a P Iu,
and simple coroots tha : a P Iu. There is a canonical pairing x , y : P
_ ˆ P ÝÑ Z defined by
xha, αby “ Aab, where P
_ “
À
aPI Zha is the dual weight lattice. The quantum group associated to
g is denoted Uqpgq, though we will not need the details concerning Uqpgq. The interested reader is
encouraged to see [HK02, Lus93] for more details.
An abstract Uqpgq-crystal is a nonempty set B together with maps
ea, fa : B ÝÑ B \ t0u, εa, ϕa : B ÝÑ Z\ t´8u, wt: B ÝÑ P,
subject to the conditions
(1) fab “ b
1 if and only if b “ eab
1 for b, b1 P B and a P I;
(2) if fab ‰ 0, then wtpfabq “ wtpbq ´ αa for all a P I; and
(3) ϕapbq ´ εapbq “ xha,wtpbqy for all b P B and a P I.
The maps tea : a P Iu are called the Kashiwara raising operators and the maps tfa : a P Iu are
called the Kashiwara lowering operators.
Example 2.1. For a dominant integral weight λ, the crystal basis
Bpλq “ tfak ¨ ¨ ¨ fa1uλ : a1, . . . , ak P I, k P Zě0uzt0u
of an irreducible, highest weight Uqpgq-module V pλq is an abstract Uqpgq-crystal. (See [HK02, Kas91]
for details.) The crystal Bpλq is characterized by the following properties.
(1) The element uλ P Bpλq is the unique element such that wtpuλq “ λ.
(2) For all a P I, eauλ “ 0.
(3) For all a P I, f
xha,λy`1
a uλ “ 0.
Example 2.2. The crystal basis
Bp8q “ tfak ¨ ¨ ¨ fa1u8 : a1, . . . , ak P I, k P Zě0u
of the negative half U´q pgq of the quantum group (equivalently a Verma module of highest weight
0) is a Uqpgq-crystal. (See [HK02, Kas91] for details.) Some important properties of Bp8q are the
following.
(1) The element u8 P Bp8q is the unique element such that wtpu8q “ 0.
(2) For all a P I, eau8 “ 0.
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(3) For any sequence pa1, . . . , akq from I, fak ¨ ¨ ¨ fa1u8 ‰ 0.
Let B1 and B2 be two abstract Uqpgq-crystals. A crystal morphism ψ : B1 ÝÑ B2 is a map
B1 \ t0u ÝÑ B2 \ t0u such that
(1) ψp0q “ 0;
(2) if b P B1 and ψpbq P B2, then wtpψpbqq “ wtpbq, εapψpbqq “ εapbq, and ϕaψpbqq “ ϕapbq;
(3) for b P B1, we have ψpeabq “ eaψpbq provided ψpeabq ‰ 0 and eaψpbq ‰ 0;
(4) for b P B1, we have ψpfabq “ faψpbq provided ψpfabq ‰ 0 and fiψpbq ‰ 0.
A morphism ψ is called strict if ψ commutes with ea and fa for all a P I. Moreover, a morphism
ψ : B1 ÝÑ B2 is called an embedding if the induced map B1 \ t0u ÝÑ B2 \ t0u is injective.
Again let B1 and B2 be abstract Uqpgq-crystals. The tensor product B2bB1 is defined to be the
Cartesian product B2 ˆB1 equipped with crystal operations defined by
eapb2 b b1q “
$&%eab2 b b1 if εapb2q ą ϕapb1qb2 b eab1 if εapb2q ď ϕapb1q,
fapb2 b b1q “
$&%fab2 b b1 if εapb2q ě ϕapb1qb2 b fab1 if εapb2q ă ϕapb1q,
εapb2 b b1q “ max
`
εapb2q, εapb1q ´ xha,wtpb2qy
˘
ϕapb2 b b1q “ max
`
ϕapb1q, ϕapb2q ` xha,wtpb1qy
˘
wtpb2 b b1q “ wtpb2q ` wtpb1q.
Remark 2.3. Our convention for tensor products is opposite the convention given by Kashiwara
in [Kas91].
We say an abstract Uqpgq-crystal is simply a Uqpgq-crystal if it is crystal isomorphic to the crystal
basis of an integrable Uqpgq-module.
3. Tableaux model
Let g be of finite classical type. We review the Kashiwara-Nakashima tableaux and Kang-Misra
tableaux, which we call classical tableaux, model for highest weight crystals Bpλq and the marginally
large tableaux model for Bp8q.
3.1. Fundamental crystals and classical tableaux. Recall that a tableau is called semistandard
over an alphabet J “ tj1 ă j2 ă ¨ ¨ ¨ ă jpu if entries are weakly increasing in rows and strictly
increasing in columns, with respect to ă. Let JpXnq be the alphabet for the semistandard tableaux
of type Xn. Then
JpAnq “ t1 ă 2 ă ¨ ¨ ¨ ă n` 1u,
JpBnq “ t1 ă ¨ ¨ ¨ ă n ă 0 ă n ă ¨ ¨ ¨ ă 1u,
JpCnq “ t1 ă ¨ ¨ ¨ ă n ă n ă ¨ ¨ ¨ ă 1u,
JpDn`1q “ t1 ă ¨ ¨ ¨ ă n ă n` 1, n` 1,ă n ă ¨ ¨ ¨ ă 1u,
JpG2q “ t1 ă 2 ă 3 ă 0 ă 3 ă 2 ă 1u.
(3.1)
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An : 1 2 ¨ ¨ ¨ n n` 1
1 2 n´ 1 n
Bn : 1 ¨ ¨ ¨ n 0 n ¨ ¨ ¨ 1
1 n´ 1 n n n´ 1 1
Cn : 1 ¨ ¨ ¨ n n ¨ ¨ ¨ 1
1 n´ 1 n n´ 1 2
Dn`1 : 1 ¨ ¨ ¨ n
n` 1
n` 1
n ¨ ¨ ¨ 1
1 n´ 1
n
n`
1
n`
1
n
n´ 1 1
G2 : 1 2 3 0 3 2 1
1 2 1 1 2 1
Figure 3.1. The fundamental crystals T pΛ1q when the underlying Lie algebra is
of finite type.
For our purposes, we need only define highest weight crystals for specific fundamental weights.
Namely, define a subset pP` of P` by
pP` “
$’’’’’’&’’’’’’%
ZΛ1 ‘ ¨ ¨ ¨ ‘ ZΛn´1 ‘ ZΛn if g “ An, Cn,
ZΛ1 ‘ ¨ ¨ ¨ ‘ ZΛn´1 ‘ Zp2Λnq if g “ Bn,
ZΛ1 ‘ ¨ ¨ ¨ ‘ ZΛn´1 ‘ ZpΛn ` Λn`1q if g “ Dn`1,
ZΛ1 ‘ ZΛ2 if g “ G2.
The reason pP` suffices is due to the constructions we will use in what follows. In particular, these
weights suffice to define the marginally large tableaux model T p8q of the crystal Bp8q, and thus
will be sufficient for us to define our crystal morphism from the rigged configuration model for Bp8q
to T p8q. These weights also ensure that we will not have any “spin columns” in types Bn and
Dn`1.
Recall the fundamental crystals T pΛ1q in Figure 3.1. Next consider some λ P pP`; we wish to
model an element in Bpλq. It is from these fundamental crystals that the more general crystals will
be defined. For λ P pP` defined by
λ “
$’’’’’’&’’’’’’%
c1Λ1 ` ¨ ¨ ¨ ` cn´1Λn´1 ` cnΛn if g “ An, Cn,
c1Λ1 ` ¨ ¨ ¨ ` cn´1Λn´1 ` cnp2Λnq if g “ Bn,
c1Λ1 ` ¨ ¨ ¨ ` cn´1Λn´1 ` cnpΛn ` Λn`1q if g “ Dn`1,
c1Λ1 ` c2Λ2 if g “ G2,
let Yλ be the Young diagram with ci columns of height i. Define Tλ to be the unique tableau of
shape Yλ such that all entries in the jth row of Tλ are j. We may embed Tλ into T pΛ1q
b|λ|, where
|λ| is the number of boxes in Yλ, by reading the tableaux entries from top-to-bottom starting with
the right-most column. Then faTλ, for a P I, is defined using the tensor product rule and the
corresponding fundamental crystal above. Now let T pλq be the set generated by fa pa P Iq and Tλ.
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This is the set of classical tableaux of shape λ. The description of type An, Bn, Cn, Dn tableaux is
due to Kashiwara and Nakashima [KN94] and type G2 tableaux is due to Kang and Misra [KM94].
The resulting set is a crystal of semistandard tableaux (with respect to JpXnq) satisfying certain
filling conditions. The explicit description of these crystals may be found in [HK02, KM94, KN94].
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Figure 3.2. The crystal graph T pΛ1 ` 2Λ2q of type B2, created using Sage.
3.2. Marginally large tableaux. Following [Cli98], a semistandard tableau is called large if the
difference of the number of boxes in the i-th row containing the element i and the total number of
boxes in the pi`1q-th row is positive. Additionally, following [HL08], a large (semistandard) tableau
is called marginally large if the aforementioned difference exactly 1. Such tableaux are defined for
simple Lie algebras g of type An, Bn, Cn, Dn`1, and G2 in [HL08], and of type E6, E7, E8, and F4
in [HL12]. The alphabets over which each tableaux from [HL08] are defined are given in Equation
(3.1).
The set of marginally large tableaux may be generated through successive application of the
Kashiwara lowering operators fa (a P I) to a specified highest weight vector. It is in this way that
the set of marginally large tableaux work as a combinatorial model for Bp8q. In certain types,
additional conditions are required to precisely define the model, so we give the list of conditions for
each type-by-type.
6 BEN SALISBURY AND TRAVIS SCRIMSHAW
Definition 3.1. For Xn “ An, Bn, Cn, Dn`1, G2, define the set T p8q as follows. (By convention,
we assume n “ 2 when Xn “ G2.)
(1) The highest weight vector is the unique tableau which consists of n` 1 ´ i i-colored boxes
in the ith row from the top (when written using the English convention).
(2) Each element is marginally large, semistandard with respect to JpXnq, and consists of exactly
n rows.
We also have the following additional type-specific requirements.
‚ Xn “ Bn pn ě 2q
(1) Elements in the ith row are ĺ ı.
(2) A 0-box may occur at most once in a given row.
‚ Xn “ Cn pn ě 2q
(1) Elements in the ith row are ĺ ı.
‚ Xn “ Dn`1 pn ě 3q
(1) Elements in the ith row are ĺ ı.
(2) Both n` 1 and n` 1 may not appear simultaneously in a single row.
‚ Xn “ G2
(1) Elements in the second row are ĺ 3.
(2) A 0-box may occur at most once in a given row.
The crystal operators are defined in the same way as in T pλq. Namely, read entries of a tableau
T P T p8q from top-to-bottom in columns starting with the right-most column to obtain an element
of T pΛ1q
bN , where N is the number of boxes in T . Then apply the tensor product rule to obtain
faT and eaT , a P I.
Theorem 3.2 ([HL08]). Let g be a finite simple Lie algebra of type Xn. Then T p8q – Bp8q as
Uqpgq-crystals.
Example 3.3. Consider type A3. The top part of the crystal graph T p8q is shown in Figure 3.3
down to depth 3. The notation used at the vertices is condensed so that all place holding i-boxes in
the ith row are removed. If the resulting reduction yields a row with no boxes, then that row appears
with one box containing ˚. The graph in the figure is modified output from Sage [SCc08, S`15].
Following [HL12], we call a column of any tableau T a basic column if it has height r and is filled
with p1, . . . , rq. From [HL08], consider the set
T L :“
$&%T P ď
λP pP`
T pλq : T is large
,.-
We may partition T L into equivalence classes by saying T „ T 1 if they differ only by basic columns.
Note that faT ‰ 0 for all T P T
L. If faT is large, then for all S P rT s such that faS is large,
we have faS P rfaT s. In other words, the crystal operators essentially preserve equivalence classes.
Moreover, if faS R rfaT s, then faS differs from a unique element in rfaT s only by adding a single
basic column of height a. Additionally, every equivalence class has exactly one marginally large
tableaux. The details of these statements can be found in [HL08].
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Figure 3.3. The top part of T p8q for type A3.
4. Rigged configurations
4.1. Crystal structure. We first need to consider an affine type rg whose classical subalgebra is
g. However we do not do so in the usual fasion by taking the untwisted affine algebra, but instead
consider those given by Table 4.1.
g An Bn Cn Dn`1 G2rg Ap1qn Dp2qn`1 Ap2q2n´1 Dp1qn`1 Dp3q4
Table 4.1. The association of affine type rg with a classical type g used here.
Set H “ I ˆ Zą0. Consider a multiplicity array
L “
`
Lpaq P Zě0 : a P I
˘
and a dominant integral weight λ for g. We call a sequence of partitions ν “ tνpaq : a P Iu an
pL, λq-configuration if ÿ
pa,iqPH
im
paq
i αa “
ÿ
aPI
LpaqΛa ´ λ, (4.1)
where m
paq
i is the number of parts of length i in the partition ν
paq and tαa : a P Iu are the simple
roots for g. The set of all such pL, λq-configurations is denoted CpL, λq. To an element ν P CpL, λq,
define the vacancy numbers of ν to be
p
paq
i pνq “ p
paq
i “ L
paq ´
ÿ
pb,jqPH0
Aabminpi, jqm
pbq
j . (4.2)
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Recall that a partition is a multiset of integers (typically sorted in weakly decreasing order). More
generally, a rigged partition is a multiset of pairs of integers pi, xq such that i ą 0 (typically sorted
under weakly decreasing lexicographic order). Each pi, xq is called a string, while i is called the
length or size of the string and x is the rigging, label, or quantum number of the string. Finally, a
rigged configuration is a pair pν, Jq where ν P CpL, λq and J “
`
J
paq
i
˘
pa,iqPH
, where each J
paq
i is a
weakly decreasing sequence of riggings of strings of length i in νpaq. We call a rigged configuration
valid if every label x P J
paq
i satisfies the inequality p
paq
i ě x for all pa, iq P H. We say a rigged
configuration is highest weight if x ě 0 for all labels x. Define the colabel or coquantum number of
a string pi, xq to be p
paq
i ´ x. For brevity, we will often denote the ath part of pν, Jq by pν, Jq
paq (as
opposed to pνpaq, J paqq).
Definition 4.1. Let pνH, JHq be the rigged configuration with empty partition and empty riggings
and let L be the multiplicity array of all zeros. Define RCp8q to be the graph generated by pνH, JHq,
ea, and fa, for a P I, where ea and fa acts on elements pν, Jq in RCp8q as follows. Fix a P I and let
x be the smallest label of pν, Jqpaq.
ea: If x ě 0, then set eapν, Jq “ 0. Otherwise, let ℓ be the minimal length of all strings in
pν, Jqpaq which have label x. The rigged configuration eapν, Jq is obtained by replacing the
string pℓ, xq with the string pℓ ´ 1, x ` 1q and changing all other labels so that all colabels
remain fixed.
fa: If x ą 0, then add the string p1,´1q to pν, Jq
paq. Otherwise, let ℓ be the maximal length of
all strings in pν, Jqpaq which have label x. Replace the string pℓ, xq by the string pℓ`1, x´1q
and change all other labels so that all colabels remain fixed.
The remaining crystal structure on RCp8q is given by
εapν, Jq “ maxtk P Zě0 : e
k
apν, Jq ‰ 0u, (4.3a)
ϕapν, Jq “ εapν, Jq ` xha,wtpν, Jqy, (4.3b)
wtpν, Jq “ ´
ÿ
pa,iqPH
im
paq
i αa “ ´
ÿ
aPI
|νpaq|αa. (4.3c)
It is worth noting that, in this case, the definition of the vacancy numbers reduces to
p
paq
i pνq “ p
paq
i “ ´
ÿ
pb,jqPH0
Aabminpi, jqm
pbq
j . (4.4)
Example 4.2. Rigged configurations will be shown as a sequence of partitions where the vacancy
numbers will be written on the left and the corresponding rigging on the right. Let g be of type A5
and pν, Jq “ f5f4f5f2f1f2f3pνH, JHq be the rigged configuration
pν, Jq “ ´1´1 ´1´2 10 ´10 ´1´3
Then wtpν, Jq “ ´α1 ´ 2α2 ´ α3 ´ α4 ´ 2α5,
e2pν, Jq “ ´1´1 00 10 ´10 ´1´3
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and
f2pν, Jq “ ´1´1 ´2´4 10 ´10 ´1´3
Theorem 4.3 ([SS15a]). The map defined by pνH, JHq ÞÑ u8, where u8 is the highest weight
element of Bp8q, is a Uqpgq-crystal isomorphism RCp8q – Bp8q.
We can extend the crystal structure on rigged configurations to model Bpλq as follows. Consider
a multiplicity array L such that λ “
ř
aPI L
paqΛa. We first we modify the definition of the weight to
be wt1pν, Jq “ wtpν, Jq`λ. Next, modify the crystal operators by saying fapν, Jq “ 0 if ϕapν, Jq “ 0.
Equivalently, we say fapν, Jq “ 0 if the result under fa above is not a valid rigged configuration.
Let RCpλq denote the closure of pνH, JHq under these modified crystal operators. This arises from
the natural projection of Bp8q ÝÑ Bpλq.
Theorem 4.4 ([SS15b]). Let g be of finite type. Then RCpλq – Bpλq.
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Figure 4.1. The crystal graph RCpΛ1 ` 2Λ2q of type B2, created using Sage.
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4.2. Bijection with tableau model for highest weight crystals. Kirillov-Reshetikhin (KR)
crystals are crystals Br,s associated to certain finite-dimensional Uqprrg,rgsq-modules W r,s, where r
is a node in the Dynkin diagram and s is a positive integer. As Uqpgq-crystals, KR crystals have the
direct sum decompositions
Br,s “ BpsΛrq ‘
à
λ
Bpλq,
where the sum is over λ P P` satisfying certain conditions [Cha01, FOS09, HKO`02, HKO`99,
Her06, Her10, Nak03]. We note that we only work with the classical crystal structure of Br,s, and
as such, we simply consider Br,s to be a Uqpgq-crystal.
In [OSS03a], a bijection Φ from classically highest weight elements in a tensor product of KR
crystals of the form pB1,1qbN for all non-exceptional affine types was described. A similar bijection in
type E
p1q
6
and D
p3q
4
was given in [OS12] and [Scr15], respectively. For simplicity, if B “
ÂN
i“1 B
ri,1
we write RCpBq “ RCpλq, where λ “
ř
aPI caΛa with ca equal to the number of factors B
a,1
occurring in B.
Remark 4.5. We define
rBr,1 “
$’’’&’’%
Bn,2 g “ Bn and r “ n,
Bn,1 bBn`1,1 g “ Dn`1 and r “ n,
Br,1 otherwise.
Because we will only use rBr,s for the remainder of this paper and to ease the burden of notation,
we will simply write Br,s. We also note that this allows us to not consider any special modifications
to Φ as in [SS15b].
The bijection Φ is given by applying the basic algorithm given in [OSS03a]
δ : RCpB1,1 bB˚q ÝÑ RCpB˚q
as many times as necessary, where B˚ “
ÂN
i“1B
ri,1. The algorithm δ is given by traversing the
crystal graph T pΛ1q (of type g) starting at 1 P T pΛ1q, where for each edge a we remove a box from
a singular string from νpaq of strictly longer length than the previously selected string after removal.
For rg of type Dp1qn`1, we choose the smaller singular string between νpnq and νpn`1q when we are at
n´ 1 P T pΛ1q. If we cannot find a singular string or there are no outgoing arrows when we are at
r P T pΛ1q, then we say δ returns r and we make all changed strings singular.
We also have the following modification for rg of type Dp2qn`1. Let ℓpaq denote the original length
of the selected strings in νpaq (for a ă r, we have ℓpaq “ 1). We say a string pi, xq is quasi-singular
if x “ p
pnq
i ´ 1 and there does not exist a singular string of length i. For ν
pnq, if the singular string
has length 1, we immediately return H P B1,1. Otherwise we look for the smallest string of longer
length than the previously which is either
(S) singular,
(Q) quasi-singular.
If no such string exists, we return n´1 (as usual). If we are in case (S), we remove 2 boxes from the
singular string and proceed from n´ 1 P T pΛ1q. If we are in case (Q), we remove a box from the
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quasi-singular string and look for a larger singular string in νpnq. If no such string exists, we return
0. Otherwise we say we are in case (Q,S) and remove a box from the found singular string. We then
continue from n´ 1 P T pΛ1q. If we are at ı P T pΛ1q and the length of the previously selected
string before removal equals ℓpaq, we remove a second box from the string originally selected in νpaq.
After all boxes are removed, we make all of the changed strings singular unless we are in case (Q,S),
in which case the (longer) selected singular string in νpnq is made quasi-singular.
Example 4.6. Consider B “ pB1,1qb5 of type D
p2q
5
. Therefore applying δ each time, we have
0
0
0
0
1
1
0
0
0
0
11 00
1
0
0
1
1
00 H H
1
0
0
0
0
00 H H
3
00 H H H
2
H H H H
1
H H H H
(where the result from each application of δ is to the right of the arrow) and resulting in
1 b 1 b 3 b 2 b 1 .
We can now extend this bijection to
ÂN
i“1 B
ri,1 as given for types A
p1q
n [KSS02], D
p1q
n`1 [Sch05],
A
p2q
2n´1 [SS15b], D
p2q
n`1 [OSS03b], and D
p3q
4
[Scr15] by considering the map
lt : RCpBr,1 bB˚q ÝÑ RCpB1,1 bBr´1,1 bB˚q
for r ě 2 which adds a singular string of length 1 to all νpaq for a ă r and then applying δ. We can
combine these two steps δ1 :“ δ ˝ lt where we just begin δ starting at r P T pΛ1q (i.e., the first box
we try to remove is in νprq). Unless otherwise noted, we will be using δ1 in place of δ.
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Example 4.7. Consider B1,1 bB2,1 bB1,1 of type A
p2q
5
. Therefore applying δ each time, we have
0
0
0
0
1
0
1
1
00
3
00 11 H
3
00 00 H
2
00 H H
1
H H H
and resulting in
3 b
3
2
b 1 .
For δ´1pbq, in general we select the largest singular strings starting at b P T pΛ1q and following
arrows in reverse until we reach r P T pΛ1q.
Remark 4.8. We note that for BpΛrq Ď B
r,1, the classical tableaux representation is the same as
the Kirillov–Reshetikhin tableaux representation of [Sch05, OSS13, SS15b, Scr15].
We also have the following from [SS15b, Prop. 6.4] by using the results of [DS06, Sak14, OSS03b,
SS15b].
Theorem 4.9. Let B “
ÂN
i“1 B
ri,1 be of type rg. Then Φ is a Uqpgq-crystal isomorphism, where rg
and g are related via Table 4.1.
Given dominant integral weight λ “
ř
aPI caΛa P
pP`, define
Bbλ “
â
aPI
pBa,1qbca ,
where the factors are ordered to be weakly decreasing with respect to a.
Example 4.10. If λ “ 2Λ4 ` 3Λ1 in type A17, then B
bλ “ pB4,1qb2 b pB1,1qb3.
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Next we can restrict Φ to a (classical, or Uqpgq-)crystal isomorphism between RCpλq and T pλq as
follows. We recall that there exists, by weight considerations, a unique copy
B
˜
Nÿ
i“1
µi
¸
Ď
Nâ
i“1
Bpµiq
generated by uµ1 b ¨ ¨ ¨ b uµN , where uµi P Bpµiq is the unique highest weight element. Then there
exists a unique embedding
T pλq Ď
â
aPI
T pΛaq
bca Ď Bbλ. (4.5)
Because we have chosen the ordering of Bbλ to be in decreasing order, the natural embedding of
T pλq ãÝÑ T pΛ1q
b|λ| agrees with the natural classical embedding of Bbλ ãÝÑ T pΛ1q
b|λ|. Moreover
the highest weight element Tλ P T pλq is given by (a tensor product of) basic columns. So in
RCpBbλq, considered as a Uqpgq-crystal, the unique connected component generated by pνH, JHq is
RCpλq. Therefore ΦpνH, JHq “ Tλ, and hence we have the following.
Proposition 4.11. The crystal isomorphism Φ: RCpBbλq ÝÑ Bbλ restricts to a crystal isomor-
phism between RCpλq and T pλq.
5. The crystal isomorphism between RCp8q and T p8q
Let g be of type An, Bn, Cn, Dn`1, or G2. By knowing to which Bpλq a particular rigged
configuration belongs (in fact, there are infinite such λ), we can extend the bijection between rigged
configurations and tensor products of KR crystals to Bp8q by projecting down to Bpλq. We show
that this implies the (induced) map given by lifting the isomorphism Φ: RCpλq ÝÑ T pλq from
Proposition 4.11 is an isomorphism between RCp8q and T p8q (and thus the unique isomorphism
between RCp8q and T p8q since the automorphism group of Bp8q is the trivial group).
Consider
RCV “
ğ
λPP`
RCpλq,
and denote pν, J, λq P RCV as the element pν, Jq P RCpλq. Define an equivalence relation on RCV
by asserting
pν, J, λq „ pν1, J 1, λ1q ðñ ν “ ν1 and J “ J 1. (5.1)
Note the vacancy numbers will vary over the equivalence class. Equivalently, we have defined a
subset Wpν,Jq Ď P
` such that pν, Jq P RCpλq for all λ P Wpν,Jq. We show that every equivalence
class of large tableaux embeds into an equivalence class of RCV and that Φ induces a bijection from
RCV { „ to T p8q “ T L{ „. Subsequently, we show that this induced bijection is the desired crystal
isomorphism.
For a sequence of partitions ν “ pνpaqqaPI , define λν P P
` by
λν :“
ÿ
aPI
aăn
`
|νpaq|` 1
˘
Λa ` λ
pnq
ν ,
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where
λpnqν :“
$’’’&’’’%
2
`
|νpnq|` 1
˘
Λn g “ Bn,
pmax
`
|νpnq|, |νpn`1q|
˘
` 1
˘
pΛn ` Λn`1q g “ Dn`1,`
|νpnq|` 1
˘
Λn otherwise,
and
RCEV “ tpν, J, λq P RCV : λ ě λνu.
Here, λ ď µ means λ “ pλi : i P Iq and µ “ pµi : i P Iq with λi ď µi for all i P I. We can restrict
the equivalence relation given in equation (5.1) to RCEV (so that classes in RCEV are subclasses
of those in RCV ). Call a rigged configuration extra valid if it belongs to RCEV , and call a rigged
configuration marginally extra valid if pν, Jq P RCpλνq. We note that for each equivalence class
in RCEV , there is a unique marginally extra valid rigged configuration because it has the smallest
possible vacancy numbers.
Lemma 5.1. If pν, Jq P RCp8q, then pν, Jq P RCpλνq.
Proof. This clearly holds for pνH, JHq P RCp0q. We will now proceed by induction by applying fa
for some a P I. Suppose pν, Jq P RCpλνq, we will show that pν
1, J 1q “ fapν, Jq is in RCpλν1q. We
note that the only possibile failure will occur if x1 ą p
paq
i`1pν
1q for the string pi, xq acted on by fa
since all other colabels remain fixed. We have
p
paq
i`1pν
1q ´ p
paq
i`1pνq “ ´1
since λν1 ´ λν “ Λa. But because x
1 ´ x “ ´1, we must have x1 ď p
paq
i`1pν
1q. Therefore pν1, J 1q P
RCpλν1q. Since there is some path to pνH, JHq, the proof follows by induction.
Lemma 5.2. Let T P T L. Then Φ´1pT q P RCV . Moreover, if t P rT s, then Φ´1ptq P rΦ´1pT qs.
Proof. Fix a large tableau T . By the definition of Φ and RCV , we have Φ´1pT q P RCV . Next we
note a column in T of height r has the form
1
2
...
r ´ 1
x
(5.2)
where 1 ď r ď n. We are going to add a column of the form above in Br,1. Suppose B “
ÂN
i“1B
ri,si
and pν, Jq P RCpBa´1,1 b Bq for a ă r. Applying δ´1 to the column in (5.2) will change pν, Jq,
and the order by which pν, Jq is affected is determined by reading the column from top to bottom.
Indeed, applying δ´1 corresponding to the a-box of the column will add 1 to the vacancy numbers
of νpaq and subtract 1 from the vacancy numbers of νpa´1q if a ą 1. Now suppose we are performing
δ´1 corresponding to the x-box at the bottom of the column. Then this application of δ´1 can only
add boxes to νpaq for a ě r, and can at most decrease the vacancy numbers in νpr´1q by 1. In
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particular, if x “ r, then the net result of adding this column is that the vacancy numbers of νprq
increased by 1 and the vacancy numbers of νpaq for a ă r are left unchanged.
In applying Φ´1 to T , we are moving from right to left in T , so we are applying δ´1 to columns
weakly increasing in height. Moreover, t differs from T by the, without loss of generality, addition of
columns with x “ r. Therefore from the above, we must have Φ´1ptq „ Φ´1pT q for any t P rT s.
Lemma 5.3. Let pν, Jq P RCEV . Then Φpν, Jq P T L. Moreover if pν1, J 1q P rpν, Jqs, then Φpν1, J 1q P
rΦpν, Jqs.
Proof. Fix some extra valid rigged configuration pν, Jq. Suppose Φpν, Jq R T L. Therefore during
the procedure of Φ in a column of height r at height a ă r, we return x ě a, so we remove at least
one box from νpaq. Therefore we must remove at least
1` xαa, λνy “ 1` 1` |ν
paq|
boxes from νpaq since we must return at least x by the semistandard condition. This is a contra-
diction, and so we must return a. Similarly for the left-most column of height r, we must return r.
Hence Φpν, Jq P T L.
Next we show Φpν1, J 1q P rΦpν, Jqs. Consider pν1, J 1q P RCpλν1q such that λν1 ´ λν “ Λr for some
1 ď r ď n. We will show that Φpν1, J 1q differs from Φpν, Jq by a basic column of height r. We note
that
p
paq
i pν
1q ´ p
paq
i pνq “ δar, (5.3)
and therefore all columns of height at least r ` 1 are equal under Φ. That is δ returns the same
elements on both pν1, J 1q and pν, Jq. Furthermore, once we’ve removed all such columns (there are
the same number of columns in each), the results are equivalent such that the difference of the
weights is still Λr. Hence Equation (5.3) still holds.
Now we have one additional column of height r in λν1 . From Equation (5.3), we must have all
strings of ν1prq being non-singular. Therefore δ returns r, and we increase all vacancy numbers of
ν1pr´1q. Thus all strings of ν1pr´1q are non-singular and iterating this, we see that we return a basic
column of height r.
At this point, the resulting rigged configurations are equal (not just equivalent as they have the
same weight), and hence the remaining result from Φ are equal. Since there exists a unique element
of minimal weight in rpν, Jqs, the claim follows by induction.
The following lemma is analogous to [HL08, Lemma 3.2], which shows that the crystal operators
are well-defined on equivalence classes.
Lemma 5.4. Fix a P I.
(1) If pν, Jq P RCEV , then fapν, Jq ‰ 0.
(2) Given any element of RCp8q, we can always find a representative pν, Jq P RCEV such that
fapν, Jq is a valid rigged configuration.
(3) If pν, Jq and pν1, J 1q are in the same equivalence class in RCV { „, then rfapν, Jqs “
rfapν
1, J 1qs.
(4) If pν, Jq is valid, then eapν, Jq is either valid or zero.
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(5) If pν, Jq and pν1, J 1q are in the same equivalence class in RCV { „, then either reapν, Jqs “
reapν
1, J 1qs or both eapν, Jq “ eapν
1, J 1q “ 0.
Proof. These statements can be seen directly from the definitions.
Thus we can define
earpν, Jqs “ reapν, Jqs (5.4a)
farpν, Jqs “ rfapν, Jqs (5.4b)
wtrpν, Jqs “
ÿ
aPI
|νpaq|Λa, (5.4c)
εarpν, Jqs “ maxte
k
apν, Jq ‰ 0 : k P Zą0u, (5.4d)
ϕarpν, Jqs “ εarpν, Jqs ` xwtrpν, Jqs, hay , (5.4e)
for any rpν, Jqs P RCV { „ with appropriate representative pν, Jq. Therefore a straightforward check
shows the following.
Proposition 5.5. Equation (5.4) defines an abstract Uqpgq-crystal structure on RC
V { „.
Define a map Ψ: RCp8q ÝÑ T p8q using the sequence of maps
RCp8q Ý։ RCpλνq ãÝÑ B
bλν Ý։ T pλνq ãÝÑ T p8q,
pν, Jq ÞÑ pν, Jq ÞÑ pν, Jq ÞÑ Φpν, Jq ÞÑ Φpν, Jq.
Conversely, for T P T p8q, let λT P P
` partition shape of T . There is a natural crystal embedding
of a tableau T into a tensor product of its columns in BbλT . Denote the image of T in BbλT by
TbλT . Now define a map Ξ: T p8q ÝÑ RCp8q by the sequence of maps
T p8q Ý։ T pλT q ãÝÑ B
bλT Ý։ RCpλT q ãÝÑ RCp8q,
T ÞÑ T ÞÑ TbλT ÞÑ Φ´1pTbλT q ÞÑ Φ´1pTbλT q.
Theorem 5.6. We have Ξ ˝Ψ “ idRCp8q and Ψ ˝ Ξ “ idT p8q.
Proof. Given a marginally large tableaux T of shape λT , begin by projecting down to BpλT q. This
preserves the tableaux T and consider the natural embedding T 1 in
Â
iB
ri,1 given by Equation (4.5).
Next take ΦpT 1q, recall from Theorem 4.9 that Φ is a bijection, and lift the resulting rigged config-
uration to RCp8q. Last, we note that this procedure is well-defined over the equivalence class of
large tableaux by Lemma 5.2 and Lemma 5.3, so this gives us the desired bijection.
Corollary 5.7. The bijection Ψ is a crystal isomorphism.
Proof. This follows from the fact that Φ is a (classical) crystal isomorphism. Indeed, the map Ψ is
well-defined as a crystal morphism by Lemma 5.4. Let pν, Jq P RCp8q and a P I. Next, denote the
ea operator in the crystal X by e
X
a . Then
eT p8qa Ψpν, Jq “ e
T p8q
a Φpν, Jq “ e
T pλνq
a Φpν, Jq “ e
Bbλν
a pν, Jq “ e
RCpλνq
a pν, Jq.
Since pν, Jq is nonzero in RCpλνq by definition of λν , we have e
RCpλνq
a pν, Jq “ e
RCp8q
a pν, Jq. Thus Ψ
commutes with ea. Showing that Ψ commutes with fa is similar.
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Remark 5.8. Consider some T P Bp8q, we can explicitly describe the image of T when projecting
under pλ to Bpλq for all λ P P
`. From this, we define an equivalence class rT s “ tpλpT q : pλ ‰
0, λ P P`u. We can check that rT s corresponds to the class of all valid rigged configurations under
Φ.
Example 5.9. Let g be of type A4 and
T “
1 1 1 1 1 1 1 1 3 3
2 2 2 2 2 2 5
3 3 4 5 5
4
.
We first project onto Bpλq Ď Bbλ with λ “ Λ4 ` 4Λ3 ` 2Λ2 ` 3Λ1 (which results in the same
tableaux). Next we apply Φ: Bbλ ÝÑ RCpBbλq, and have the following:
00 ´1´1 H H 3
00 ´2´2 H H 3 3
01 ´2´2 H H 1 3 3
02 ´2
´1
´2
´1
11 ´1´1
1 1 3 3
5
02 ´2
´1
´1
0
11 ´1´1
1 1 1 3 3
2 5
02 ´2
´1
0
0
22 ´2´2
1 1 1 1 3 3
2 2 5
5
02 ´2
´1
0
0
22 ´3´3
1 1 1 1 1 3 3
2 2 2 5
5 5
02 ´2
´1
0
0
11 ´3´3
1 1 1 1 1 1 3 3
2 2 2 2 5
4 5 5
02 ´2
´1
0
0
12 ´3´2
1 1 1 1 1 1 1 1 3 3
2 2 2 2 2 2 5
3 3 4 5 5
4
By mapping back the rigged configuration into RCp8q, we obtain
ΞpT q “ 0´1 ´2
´1
´2
´2
1´2 ´3´3 .
In Sage, we can reproduce the example using
sage: B = crystals .infinity .Tableaux ("A4")
sage: t = B(rows=[[1,1,1,1,1,1,1,1,3,3],\
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....: [2,2,2,2,2,2,5],[3,3 ,4,5,5],[4]])
sage: RC = crystals .infinity . RiggedConfigurations("A4")
sage: defn = {B.highest_weight_vector (): RC.highest_weight_vector ()};
sage: Xi = B.crystal_morphism(defn)
sage: t.pp()
1 1 1 1 1 1 1 1 3 3
2 2 2 2 2 2 5
3 3 4 5 5
4
sage: ascii_art (Xi(t))
-1[ ][ ]0 -2[ ][ ]-2 -2[ ][ ][ ][ ]1 -3[ ][ ][ ]-3
-2[ ]-1
Example 5.10. Let g be of type A3 and
pν, Jq “ ´12 ´1
´1
1
2
´10 .
Then
Ψpν, Jq “
1 1 1 1 1 1 1 2 3
2 2 2 3 4 4
3 4
.
6. Statistics
Consider a marginally large tableau T P T p8q. A k-segment of T is a maximal sequence of
k-boxes in T . Let seg1pT q be the total number of segments of T that are not i-sequences in the i-th
row. In other words, this is the total number of segments of T minus the hieght of T .
Definition 6.1 ([LS12, LS14]). The segment statistic seg on marginally large tableaux is defined
type-by-type as follows.
An: Define segpT q :“ seg
1pT q.
Bn: Let eBpT q be the number of rows i the contain both a 0-segment and ı segment. Define
segpT q :“ seg1pT q ´ eBpT q.
Cn: Define segpT q :“ seg
1pT q.
Dn`1: Let eDpT q be the number of rows i that contain an ı-segment but neither a pn` 1q-segment
nor n` 1-segment. Define segpT q “ seg1pT q ` eDpT q.
G2: Let eGpT q be 1 if T contains a 0-segment and 1-segment in the first row and 0 otherwise.
Define segpT q “ seg1pT q ´ eGpT q.
Define δprq by δ on RCpλq and then embedding into RCpλ´Λrqwhere r “ maxta P I : xha, λy ‰ 0u.
Equivalently δprq “ δ
r but returning only the b from the first application of δ.
Definition 6.2. The repeat statistic rpt on rigged configurations is given recursively as follows.
Consider pν, Jq P RCpλνq. Start with r “ n and s “ 0. Let x
c
r denote the smallest colabel of ν
prq and
project pν, Jq into RCpλprqq, where λprq “ λ´ x
c
rΛr. Let cr “
@
hr, λprq
D
, and let bprq “ pb1, . . . , bcrq
be the values returned by δcrprq (in RCpλ
1q). Increase s by the number of distinct elements ocurring
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in b (note any particular value in b occurs sequentially). We also do the following modifications
depending on the type:
Bn: If 0, r P b, subtract 1 from s.
Dn`1: If r P b and n` 1, n` 1 R b, then add 1 to s.
G2: If 0, 1 P b, subtract 1 from s
Now recurse with r ´ 1 unless r “ 1, and rpt is the final value of s.
From our definition of rpt, for a fixed r we have xha, λy “ 0 for all a ą r. So the values p
paq
i are
equal on RCp8q and RCpλq for all a ą r and i P Z. So the map δprq just starts each time at ν
prq
and is well defined since all strings in νpaq for a ă r are non-singular after applying δ. Furthermore
by Lemma 5.3, the statistic rpt is well defined. Thus we have the following.
Proposition 6.3. Let pν, Jq P RCp8q. Then
rptpν, Jq “ segpΨpν, Jqq.
From the definition of rpt, it is clear that it is a direct translation of seg through the bijection Ψ.
It would be good if there was a non-recursive translation of seg on rigged configurations.
Example 6.4. Consider the rigged configuration pν, Jq obtained from Example 5.9:
pν, Jq “ 02 ´2
´1
0
0
12 ´3´2 .
Thus we begin with pν, Jq P RCpλνq with λν “ 4Λ4 ` 5Λ3 ` 4Λ2 ` 3Λ1, so we have
02 ´2
´1
1
1
12 ´30 .
We thus project onto RCp4Λ3 ` 3Λ2 ` 2Λ1q, and since
@
h4, λp4q
D
“ 0, there is nothing more to do.
Next, after projecting onto RCp3Λ3 ` 3Λ2 ` 2Λ1q and then applying δ
3
p3q, we obtain
02 ´2
´1
0
1
11 ´1´1
with bp3q “ p4, 5, 5q. Projecting onto RCpλ2 ` 2Λ1q, we then obtain after applying δp2q, we obtain
00 ´2´2 H H
with bp2q “ p5q. Finally, we apply δ
2
p1q and obtain bp1q “ p3, 3q. Therefore, we have rptpν, Jq “
2` 1` 1 “ 4. It is also easy to check that segpT q “ 4.
There is another statistic on rigged configurations which has a natural crystal interpretation. The
difference statistic diffa is defined by
diffapν, Jq :“ min
i
tp
paq
i ´max J
paq
i u
for some pν, Jq P RCpλq. The difference statistic is measuring how far pν, Jq from being marginally
valid in νpaq, and so it can be interpreted as the largest ca such that pν, Jq P RCpλ ´ caΛaq (under
the natural projection). We can also combine this into a single statistic diffpν, Jq “
ř
aPI diffapν, Jq.
On highest weight crystals, the remove statistic rema is the largest ca such that b P Bpλq is non-
zero under the natural projection to Bpλ´ caΛaq. Moreover, we can also combine this into a single
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statistic rempν, Jq “
ř
aPI remapν, Jq. Given these interpretations, the following is an immediate
consequence.
Proposition 6.5. Let Ψ: RCpλq ÝÑ Bpλq be an isomorphism. Then
diffapν, Jq “ remapΨpν, Jqq.
Furthermore, the difference statistic can be extended to RCp8q, where it is measuring how far
the rigged configuration is from being valid in νpaq. Thus we see that the weight
ř
aPI diffapν, JqΛa
denotes the (unique) minimal weight that we need to project pν, Jq P RCp8q onto in order to
guarantee the result is non-zero. We can also extend rema to Bp8q by considering the smallest
weight λ such that b P Bp8q is non-zero under the projection onto Bpλq, and then remapbq “ xλ, hay.
We also have following the analog of Proposition 6.5.
Proposition 6.6. Let Ψ: RCp8q ÝÑ Bp8q be the canonical isomorphism. Then
diffapν, Jq “ remapΨpν, Jqq.
We can also interpret rema on (marginally large) tableaux, with no columns of height n in types
Bn or Dn`1, as being the number of basic columns of height a (possibly not full height) that can
be removed from a tableaux T P T pλq and sliding the entries of those rows left such that the result
is a classical tableaux. Columns of height n in type Bn are counted twice, and in type Dn they
contribute to both remn and remn`1. Additionally, we can extend this interpretation to T P T p8q.
References
[Cha01] Vyjayanthi Chari, On the fermionic formula and the Kirillov-Reshetikhin conjecture, Internat. Math.
Res. Notices (2001), no. 12, 629–654. MR 1836791 (2002i:17019)
[Cli98] Gerald Cliff, Crystal bases and Young tableaux, J. Algebra 202 (1998), no. 1, 10–35. MR 1614241
(99k:17025)
[DS06] Lipika Deka and Anne Schilling, New fermionic formula for unrestricted Kostka polynomials, J. Combin.
Theory Ser. A 113 (2006), no. 7, 1435–1461. MR 2259070 (2008g:05219)
[FOS09] Ghislain Fourier, Masato Okado, and Anne Schilling, Kirillov-Reshetikhin crystals for nonexceptional
types, Adv. Math. 222 (2009), no. 3, 1080–1116. MR 2553378 (2010j:17028)
[Her06] David Hernandez, The Kirillov-Reshetikhin conjecture and solutions of T -systems, J. Reine Angew. Math.
596 (2006), 63–87. MR 2254805 (2007j:17020)
[Her10] , Kirillov-Reshetikhin conjecture: the general case, Int. Math. Res. Not. IMRN (2010), no. 1,
149–193. MR 2576287 (2011c:17029)
[HK02] Jin Hong and Seok-Jin Kang, Introduction to quantum groups and crystal bases, Graduate Studies in
Mathematics, vol. 42, American Mathematical Society, Providence, RI, 2002. MR 1881971 (2002m:17012)
[HKO`99] Goro Hatayama, Atsuo Kuniba, Masato Okado, Taichiro Takagi, and Yasuhiko Yamada, Remarks on
fermionic formula, Recent developments in quantum affine algebras and related topics (Raleigh, NC,
1998), Contemp. Math., vol. 248, Amer. Math. Soc., Providence, RI, 1999, pp. 243–291. MR 1745263
(2001m:81129)
[HKO`02] Goro Hatayama, Atsuo Kuniba, Masato Okado, Taichiro Takagi, and Zengo Tsuboi, Paths, crystals and
fermionic formulae, MathPhys odyssey, 2001, Prog. Math. Phys., vol. 23, Birkha¨user Boston, Boston,
MA, 2002, pp. 205–272. MR 1903978 (2003e:17020)
[HL08] Jin Hong and Hyeonmi Lee, Young tableaux and crystal Bp8q for finite simple Lie algebras, J. Algebra
320 (2008), no. 10, 3680–3693. MR 2457716 (2009j:17008)
MARGINALLY LARGE TABLEAUX AND RIGGED CONFIGURATIONS 21
[HL12] , Young tableaux and crystal Bp8q for the exceptional Lie algebra types, J. Combin. Theory Ser.
A 119 (2012), no. 2, 397–419. MR 2860601 (2012i:17012)
[Kas91] Masaki Kashiwara, On crystal bases of the q-analogue of universal enveloping algebras, Duke Math. J.
63 (1991), no. 2, 465–516. MR 1115118 (93b:17045)
[KKM`92] Seok-Jin Kang, Masaki Kashiwara, Kailash C. Misra, Tetsuji Miwa, Toshiki Nakashima, and Atsushi
Nakayashiki, Affine crystals and vertex models, Infinite analysis, Part A, B (Kyoto, 1991), Adv. Ser.
Math. Phys., vol. 16, World Sci. Publ., River Edge, NJ, 1992, pp. 449–484. MR 1187560 (94a:17008)
[KKR86] S. V. Kerov, A. N. Kirillov, and N. Yu. Reshetikhin, Combinatorics, the Bethe ansatz and representations
of the symmetric group, Zap. Nauchn. Sem. Leningrad. Otdel. Mat. Inst. Steklov. (LOMI) 155 (1986),
no. Differentsialnaya Geometriya, Gruppy Li i Mekh. VIII, 50–64, 193. MR 869576 (88i:82021)
[KM94] Seok-Jin Kang and Kailash C. Misra, Crystal bases and tensor product decompositions of UqpG2q-modules,
J. Algebra 163 (1994), no. 3, 675–691. MR 1265857 (95f:17013)
[KMOY07] M. Kashiwara, K. C. Misra, M. Okado, and D. Yamada, Perfect crystals for UqpD
p3q
4
q, J. Algebra 317
(2007), no. 1, 392–423. MR 2360156 (2009b:17035)
[KN94] Masaki Kashiwara and Toshiki Nakashima, Crystal graphs for representations of the q-analogue of classical
Lie algebras, J. Algebra 165 (1994), no. 2, 295–345. MR 1273277 (95c:17025)
[KR86] A. N. Kirillov and N. Yu. Reshetikhin, The Bethe ansatz and the combinatorics of Young tableaux, Zap.
Nauchn. Sem. Leningrad. Otdel. Mat. Inst. Steklov. (LOMI) 155 (1986), no. Differentsialnaya Geometriya,
Gruppy Li i Mekh. VIII, 65–115, 194. MR 869577 (88i:82020)
[KSS02] Anatol N. Kirillov, Anne Schilling, and Mark Shimozono, A bijection between Littlewood-Richardson
tableaux and rigged configurations, Selecta Math. (N.S.) 8 (2002), no. 1, 67–135. MR 1890195
(2003a:05151)
[LS12] Kyu-Hwan Lee and Ben Salisbury, A combinatorial description of the Gindikin-Karpelevich formula in
type A, J. Combin. Theory Ser. A 119 (2012), no. 5, 1081–1094. MR 2891384
[LS14] , Young tableaux, canonical bases, and the Gindikin-Karpelevich formula, J. Korean Math. Soc.
51 (2014), no. 2, 289–309. MR 3178585
[Lus93] George Lusztig, Introduction to quantum groups, Progress in Mathematics, vol. 110, Birkha¨user Boston,
Inc., Boston, MA, 1993. MR 1227098 (94m:17016)
[Nak03] Hiraku Nakajima, t-analogs of q-characters of Kirillov-Reshetikhin modules of quantum affine algebras,
Represent. Theory 7 (2003), 259–274 (electronic). MR 1993360 (2004e:17013)
[OS12] Masato Okado and Nobumasa Sano, KKR type bijection for the exceptional affine algebra E
p1q
6
, Algebraic
groups and quantum groups, Contemp. Math., vol. 565, Amer. Math. Soc., Providence, RI, 2012, pp. 227–
242. MR 2932429
[OSS03a] Masato Okado, Anne Schilling, and Mark Shimozono, A crystal to rigged configuration bijection for
nonexceptional affine algebras, Algebraic combinatorics and quantum groups, World Sci. Publ., River
Edge, NJ, 2003, pp. 85–124. MR 2035131 (2005b:17037)
[OSS03b] , Virtual crystals and fermionic formulas of type D
p2q
n`1, A
p2q
2n
, and C
p1q
n , Represent. Theory 7
(2003), 101–163 (electronic). MR 1973369 (2004f:17023)
[OSS03c] , Virtual crystals and Kleber’s algorithm, Comm. Math. Phys. 238 (2003), no. 1-2, 187–209.
MR 1989674 (2004c:17034)
[OSS13] Masato Okado, Reiho Sakamoto, and Anne Schilling, Affine crystal structure on rigged configurations of
type D
p1q
n , J. Algebraic Combin. 37 (2013), no. 3, 571–599. MR 3035517
[S`15] W.A. Stein et al., Sage Mathematics Software (Version 6.6), The Sage Development Team, 2015,
http://www.sagemath.org.
[Sak14] Reiho Sakamoto, Rigged configurations and Kashiwara operators, SIGMA Symmetry Integrability Geom.
Methods Appl. 10 (2014), Paper 028, 88. MR 3210607
[SCc08] The Sage-Combinat community, Sage-Combinat: enhancing Sage as a toolbox for computer exploration
in algebraic combinatorics, 2008, http://combinat.sagemath.org.
22 BEN SALISBURY AND TRAVIS SCRIMSHAW
[Sch05] Anne Schilling, A bijection between type D
p1q
n crystals and rigged configurations, J. Algebra 285 (2005),
no. 1, 292–334. MR 2119115 (2006i:17025)
[Sch06] , Crystal structure on rigged configurations, Int. Math. Res. Not. (2006), Art. ID 97376, 27.
MR 2211139 (2007i:17021)
[Scr15] Travis Scrimshaw, A crystal to rigged configuration bijection and the filling map for type D
p3q
4
, 2015,
arXiv:1505.05910.
[SS06] Anne Schilling and Mark Shimozono, X “ M for symmetric powers, J. Algebra 295 (2006), no. 2,
562–610. MR 2194969 (2007a:17025)
[SS15a] Ben Salisbury and Travis Scrimshaw, A rigged configuration model for Bp8q, J. Combin. Theory Ser. A
133 (2015), 29–57.
[SS15b] Anne Schilling and Travis Scrimshaw, Crystal structure on rigged configurations and the filling map,
Electron. J. Combin. 22 (2015), no. 1, Research Paper 73, 56.
[Yam98] Shigenori Yamane, Perfect crystals of UqpG
p1q
2
q, J. Algebra 210 (1998), no. 2, 440–486. MR 1662347
(2000f:17024)
Department of Mathematics, Central Michigan University, Mt. Pleasant, MI 48859
E-mail address: ben.salisbury@cmich.edu
URL: http://people.cst.cmich.edu/salis1bt/
Department of Mathematics, University of California, Davis, CA 95616
E-mail address: tscrim@ucdavis.edu
URL: http://www.math.ucdavis.edu/~scrimsha/
